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lnhomogeneous CouPled-Line Filters with Large

Mode-Velocity Ratios

JAMES L. ALLEN, MEMBER, IEEE

Abstract—Experimental and theoretical results are presented
demonstrating some novel properties of a new class of filters based
on inhomogeneous coupled-line structures having large even-odd
mode-velocity ratios, e.g., a single inhomogeneous coupled-line
filter section with an equiripple, 3-peak stopband and passband
response.

INTRODUCTION

COUPLED-LINE structures are utilized extensively

as building blocks for filters, directional couplers,

and other important transmission~line devices [1], [2].

Odd and even propagation mode components [3] are

commonly used in analyzing coupled lines. The phase

velocities associated with the odd and even modes are

equal for lines in a homogeneous medium but unequal for

lines in an inhomogeneous medium. Coupled lines in micro-

strip C4] and suspended-substrate stripline C5] yield small

deviations from equal velocities (velocity ratios typically

less than 1.2). Much larger deviations can be ?btained

with inhomogeneous broadside-coupled strips [6] (velocit y

ratios of 3.0 and even larger). Velocity ratios of roughly 2

to 1 and higher can lead to dramatic useful changes in the

performance of familiar circuits.

The purpose of thk paper is to present experimental

and theoretical results demonstrating some of the novel

properties of a new class of filters based on inhomogeneous

coupled-line structures having large even–odd mode-

velocity ratios. For example, it will be shown that a rippled

pass- and stopband response can be realized with a single

inhomogeneous section producing a response similar to

that of several homogeneous sections in cascade. The

devices described are characterized by the desirable feature

of complex electrical response produced by a simple

physical structure.

ANALYSIS

The inhomogeneous counterpart of each of the ten two-

port coupled-line configurations identified by Jones and

Bollajahn [7] has been studied. Each configuration ex-

hibits interesting properties not possessed by the homoge-

neous version. For the purposes of this paper, attention

will be focused on the symmetric configurations as shown

schematically y in Fig. 1. As an example of the performance
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Fig. 1. Symmetrical coupled-line filter sections. (a) C section. (b)
Open-circuit comb. (c) Short-circuit comb. (d) Open-circuit
digital. (e) Short-circuit digital. (f) Open-circuit symmetrical.
(g) Short-circuit symmetrical.

changes that take place when large coupled mode-velocity

differences are introduced into an otherwise familiar

circuit configuration, consider the microwave C section.

In the homogeneous case of equal mode velocities a C

section is an all-pass network. As shown below and illus-

trated in Fig. 2, an inhomogeneous C section with a large

even–odd mode-velocity ratio becomes an excellent band-

pass network.

Design relations for the inhomogeneous coupled-line

filters were obtained by analytically manipulating the

insertion-loss expression as given in terms of the ABCD

parameters of the network and the generator and -load

impedances. The ABCD parameters of a pair of inhomoge-

neous coupled lines can be determined by the method of

Jones and Bollajahn [7]. Results for symmetrical lines

are given by Zysman and Johnson [8].

General equations for pole and zero locations, relative

maxima and minima locations, and insertion loss are given

in Table I for the symmetrical titer sections. The symbols
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Fig. 2. Resvonse of an inhomogeneous C section with k = 2.The author is with the Department of Electrical and Electronic
Systems, University of South Florida, Tampa, Fla. 33620. M =- 3, R = 3, v. = 2.28-X 10’0 cm/s, 1 = 1.875 cm. ‘
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TABLE I

GENERAL D~SIGNRELATIONS FOR SYMMETRICAL INHO~IOGENEOUS COUPLED-LINI? FILTERS

Filter Type Zero Locations

- =*

Selative Maxima and 121nima Locations Imertion Loss Expression [l V~/V212- 1]

[M-l] sin(k+l)Ee -

c-section
[M+l],in(k-l)ee = 0

where for C-Section M = Z2JZ Z ,

R=zoe/Zoo, T =Zoe/Zo

Short- and
[Q-l] cos(k+l)Oe + I[R-l] sin(k+l)~e + IQ[coszkee - kRcos20e] +

1[ 1
~QcosOecos(kOe) + sinOesin(kOe) 2

[CWl]cas(k-l)’de= 0 [R+ljsin(k-l)ee = O R .in2k’d - ksimze = O
w

Open-Circuit
Rcos8esin(k8e) - sin8ecos(k0e)

e e

lComb Section Iwhere for short-circuit comb section and for onen- circuit comb section

I lQ”yoey..’y:,R=y0y’3w”y0”00”00‘“z.ezOO;z:,R”z.e’z..,w=z.’zo.
[P-Q] cos(k-l)ee -

--e+QkiJcEEcz

cosee[PRsin2kOe - kQsiridesin(kee) 2 Psine sin(kOe) - Q[1+cos8ecos(kBe)l
Short- and

Ope.-Circuir
[PtQ]cc?s(k+l)Oe = 2Q Rsfn(k8e) - SinBe= O +QW-1)1 + COS(kee)[-kP,in2ke

Di~ftal

Seccion
where for short-circuit digital section and for open–circuit digital section

P = [-4Y2+Y2 +Yz U2Y:, Q =YoeYJY~, P = [-4Z2+Z2 +Z2 ]/2Z;, Q - Zoe200/Z2,
o 00 0. 0 00 0. 0

R = YoelYoo, W - Yo\Yoo R - ZoeiZoo, V = 2./200

[P-Q] cos(k-l)ee -
Short- and

cosBa[YRsf”2k0e+ kQsi”0esin(k8e)

[P+Q]cos(k+l)Oe =-2Q R“”@e)+ “n’.=” +Q(kR-1) +.0S k9e[kPsin2k8e

[

2 Psineesin(kee)+Q [l-cos’Jecos(k6e)] 2
~

Open-Circuit
+QFt+in;esin(k8e) + Q(l-kR)l = O

4
Rsin(kee) + since 1

Symmetrical

Section where for short-circuit symmetrical and for open-circuit symmetrical section
sectfo” P, C!, R,W are same as for P, Q,R,W . . . same .s for open-circuit
short-circuit digital section digital section

Filter TyPe

I

Zero Locations

and k

I

TABLE II

DESIGN RELATIONS FOR SPECIFIC VALUES OF k

Shor t– and ~ = 90” ,270”,... and

Open-Circuit

Comb Section
8:= ,,.-(, ~)

k=2
for Q>2

4
Short– a“d

lpen-Circuit

Digital

Section

k=3

Short- and
lpe”-circuit
;yrtnetrieal

Section

k=3

c=z~ ““
NOTE: If P = -Q, the” zero,
0.,., for 0 = 90a ,2700,

e

Cle= 00 ,1800,... and

‘.= Sin-+m))

Note: M, P, Q,R, W are defined in Table I.

Pole Locations I
Relative Maxima and

Minima Loc. rio”s

ee= 0“,180 °,.. a“d e,= .i.-l (iv?? for x“: 1

‘e= 0s-’(: @

;~; ~=;i;;R1G,2A

for O<R>$
B = 4[R-Q] + k[RQ-1]

— C = Q-kRQ

I D = -6 QR+2Q

I

“e=.+ w) 0,= 90’8 ,270 -,.... and

e,= sirl-l(~v$) for x ~ 1
for R~l

where x = [-B~ ~1 / 2A
and A = -16R(P+0’I

I R = 24 Fi3+16QR+12P+12Q
c = - [ 9PR+15QR+3P+5Q ]

defined in Table I are used in the remainder of the paper.

In addition the following definitions are required.

Z(J. Even mode impedance.

zoo Odd mode impedance.

Ve Even mode velocity.

Odd mode velocity.

.? Physical length of coupled section.

20 Characteristic impedance of input

and output lines.

k —— ve/vo.

Insertion Loss Expression at
L.cation of Relative MaY. & Min

[iv;/v21’ - 11

—

[ 12& ~(2x-2Mx+M-2)
M ~ 2x-2Rx+R)

[ 12# S4ZX-2QX+Q)
~2x-2Rx?2R-1)

W2

[ 1
~)x 2

h fi(-4Rx+3R+I)

0. = 27TjZ/Ve Even mode electrical length.

00 = 2njl/vo Odd mode electrical length = M..

Insertion loss (dB) = 10 log,o I (v2’/v2) !’.

The equations given in Table I can be solved to produce

filter-design data for any arbitrary mode-vel~ocit y ratio k.

Detailed design data have been derived for inhomogeneous

couplecl-line filters yith every-odd velocity ratios k = ~,
$, $, 2, 3, 4. The generalfeatures of the design equations

are illustrated by the selected cases given in Table II.

Locaticms of poles, zeros, and relative maxima and minima
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‘are specified plus the values of attenuation at the relative

maxima’ and minima. Plots of these relationships are

revealing and useful in examining design possibilities.

Consider, forexample, -the C-section design graphs for

ii = 2givenin Figs. 3and A. Since theinseriion-loss prop-

erties are periodic with period 180 even mode electrical

degrees, only a 180° range of 6. is shown. Notice that zeros

are always located at e. = 0°, 180°. These locations cor-

respond to passband centers. For ill > 2 an additional

pair of zeros is present in each 180° period of 0~ fielding a

wider passband with ripples and a steeper transition be-

tween passband and stopband. The posikion of tl@ second

pair of zeros is controlled by adjusting M = Z02/Z0.ZO~.

For example, if M = 3, zeros -are located at e. = 0°, 30°,

150°, 180°, etc.

Similarly, a pole of insertion loss is always located at

6. = 90°. For R > 2 an additional pair of zeros is present

in each 180° period of 13~yielding a yider stopbwd with

ripples and a steeper transition between passband and

stopband. The position of this second pair of poles is

controlled by adjusting R = 20./200. Since the M control

of the secondary zeros is independent of the R control of

the secondary poles, the two effects can be combined pro-

du~ing bo~h an equiripple@ passband and stopband sipiilar

to what one expects from elliptic filters; Note, however, that

180° 180°

\ <Pa,,,,., r

:k$ !lb-
O24681O12 024 681012

M R
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Fig. 3. (a) Locations of zeros of insertion loss for inhomogeneous C
sections with k = 2. (b) Locations of poles of insertion loss for
inhomogeneous C sections with k = 2.
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Fig. 4. (a) Locations of relative maxima and minima for inhomo-
geneous C sections with k = 2, M = 3. (b) Values of attenuation
at locations of relative maxima and minima for inhomogeneous C
sections with k = 2, M = 3.

the inhomogeneous filter consists of just one physically

simple section of coupled line. If R = 3, the inhomogen-

ous C section with k = 2 will have poles at Oe = 60”, 90°,

120°,

Finite, nonzero relative maxima and/or minima of

insertion loss are present if M > 2, R > 2. These locations

are functions of both R and M. For example, with M = 3,

R = 3 relative minima are located in the stopband at

6. = 65.2°, 114.8°, while relative maxima are located in

the passband at 19e= 5.3°, 174.7°. The peak value of atten-

uation in the passband is the value at each relative maxima

which for M = 3, R = 3 is 0.025 dB. The minimum value

of attenuation in the stopband is the value at each relative

minima which for M = 3, R = 3 is 22.4 dB.

The overall calculated response of an inhomogeneous

Csection with k = 2, M = 3, R = 3, 20= 50fl, 1 = 1.875

cm, u. = 1.14 X 1010cm/s is given in Fig. 1.0. = 90° cor-

responds to approximately 3 GHz. Both an equirippled

passband and stopband are present in this single-section

filter and the minimum attenuation in the 3-peaked” stop-

band is 22.4 dB.

Special techniques for designing m~ltisection inhomoge-

neous coupled-line filters are being developed and will be

published. The ABCD parameters cited above can be used

to analyze a“multisection structure if one desires.

CALCULATED AND EXPERIMENTAL

RESULTS

As mentioned in the Introduction, one structure well-

-suited to the realization of large differences in odd and

even mode-propagation velocities is the broadside-coupled

strips in a layered dielectric me~um [6] shown in Fig.

5(a). For this structure, the even mode energy is concen-

trated in the regions above and below the Center strips,

while the odd mode energy is concentrated in the dielec-

tric between the two center strips. This means that the

ratio of even-to-odd mode velocity is approximately

(c,/el) ‘l’, but fringe-field effects reduce the velocity ratio

somewhat, especially for narrow-center conductors. The

modified structure [9] shown in Fig. 5(b) permits higher

velocity ratios to be realized for a given ratio of ez to cl.

It is important to note that proper choice of dielectric

constants and dimensions permit k = ve/vo to be either

less than or greater than one. A wide range of odd and even

mode impedances are possible.

Using broadside-coupled strips in an inhomogeneous

medium a large” variety of unequal mode-velocity devices.

can be fabricated. The physical structure is very simple, a

pair of lines coupled through a substrate. Various terminal

conditions, physical dimensions, and” dielectric -constants

lead to the different device types.

Fig. 6 shows the response of an unequal-velocity C-

section filter with k = 2 and illustrates the positioning of

zeros in the passband to increase the bandwidth and the

steepness of the transition between passband and stop-

band. The dotted-line response was obtained by adjusting

$he values of R and M to position a zero of attenuation in
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(b)

Fig. 5. (a,) Inhomogeneous broadside-coupled strips. (b)
inhomogeneous broadside-coupled strips.

Modified
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Fig. 6. Comparison of “skirt” steepness of two inhomogeneous
C-section filters. Dotted lines correspond to IG = 2, Z,e = 67.1 Q,
Zoo = 22.4 Q, ZO = 50 Q, v, = 2.28 x 10’0 cm/s, t = 1,875 cm.
Solid line corresponds to same parameters, except 2., = 50 Q,
Zoo = 161.7Q.

the passband at 1 GHz while maintaining the stopband

pole positions and minimum stopband attenuation fixed.

By accepting a decrease in minimum stopband attenu-

ation from 22.4 to 19.1 dB and an increase in maximum

passband attenuation from 0.025 to 0.65 dB, the transition

region can be made much steeper b y positioning (M = 10,

R = 4) stopband poles at 1.85, 3.04, 4.23 GHz, and a

passband zero at 1.38 GHz.

Figs. 7 and 8 compare the measured and calculated

responses of an inhomogeneous C-section filter with k = 2.

The test structures were designed using the impedance

and velocity data for broadside-coupled strips given by

Allen and Estes [6]. Both structures were fabricated on a

1 X 2 X 0.025-in A1995 substrate. A suspended substrate

microstrip [5] was used for input and output lines. The

filter of Fig. 7 has ii = 2.0 and exhibits 3-peak stopband

response with excellent agreement between measured and

calculated response. The calculated data assume the loss-

Iess case while the measured data naturally show the

rounding effect of finite Q’s. Fig. 8 illustrates the effect of

a large (20-percent) deviation from an integral velocity

ratio. The positions of the poles shift and the minimum

attenuation in the stopband is decreased.
Figs. 9–1 1 illustrate responses for 3 other types of in-

homogeneous filter sections. First, the short-circuit comb

section with k = 2, next the open-circuit symmetric section

with k = 3, and finally the open-circuit digital section

with k = $. It is tempting to say that these are typical

responses. However, the response shape, whether it is
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Fig. 7, Comparison of measured aod theoretical response for
inhomogeneous C section with k = 2, ZO, = 94 Q, ZO. = 11
Zo = 50 Q, U. = 2.26 x 1010 cm/s, 1 = 3.23 cm.
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Fig. 8. Comparison of measured and theoretical response for an
inhomogeneous C section with k = 2.2, ZO. = 115 Q, Zoo = 15 Q,
ZO = 50 Q, V. = 2.43 X 10~0 cm/s, Z = 3.23 cm.
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Fig. 9. Response of an inhomogeneous short-circuit comb section
with k = 2, ZO. = 60 Q, .?oO= 200, Zo = 50 s2,v. = 2.28X 1010
cm/s, 1 = 1.875 cm.
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Fig. 10. Response of an inhomogeneous open-circuit symmetric
section with h = 3, ZO. = 40 Q, ZOO= 30 Q?ZO = 50 Q, v. = 2.1 x
1010cm/s, t = 1.75 cm.

multipole or multizero or both or neither depends upon the

velocity ratio, odd and even mode impedances, and input-

output line impedances. Many interesting and useful

variations are possible.

CONCLUSION

A new class of filters based on inhomogeneous coupled

lines with large differences in even and odd mode velocities

has been discussed. Inhomogeneous coupled-line filters

100.0
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Fig. 11. Response of an inhomogeneous open-circuit digital section
with lc = +, ZO, = 60 Q, ZOO= 40 Q, ZO = 50 !2, f), = 0.7 X 10’0
cm/s, 1 =. 1.75 cm.

have been analyzed, designed, fabricated, and tested. Ex-

perimental and theoretical results show such filters to

possess desirable and novel properties including both

multipole stopband and multizero passband response from

a single filter section.
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